Introduction
In order to analyse a complex structure's dynamic behaviour, modelling its components may become difficult if they are numerous, small, or if some of the assembly properties are not known. This is one of the reasons why so-called "homogenisation" methods have been developed. They aim at recreating a given heterogeneous structure's behaviour by reducing the multiplicity of its components' properties, and also enable to mesh the structure independently from the sizes of the heterogeneities, that could have imposed numerous degrees of freedom in the models. Such methods are much desired for modelling composite materials, and especially for laminated structures. Kalamkarov et al. [1] have thoroughly listed and compared over 200 studies about homogenisation and have assessed the pros and cons of various analytical methods and specific applications.
For industrial projects in structural dynamics as well as academic research involving finite-element simulations on heterogeneous structures, the need of efficient techniques able to model homogeneous displacement of node i, direction d ψ global/equivalent property ψ subscript n referring to layer n subscripts x, y, z referring to directions x, y, z DOF degree of freedom FE finite-element 2D, 3D
two-dimension, three-dimension B uN number of nodes on face u = N U hN set of nodes on face h = N Table 1 : Nomenclature equivalent structures both accurately and cost-effectively is great [2] . Therefore, there is a significant interest for simple tools yielding results directly usable for common finite-element software. Motivated by the current coming-up of hybrid or 100%-electric vehicles, the development of silent devices (as well as other noise, vibration and harshness (NVH) specifications) in the automotive industry involves finiteelement modelling of heterogeneous structures such as electric motor stators [3] . In this perspective, the main objective of this article is to establish a method to determine representative equivalent material properties (elasticity matrices) for laminated structures, especially for the applicability to any kind of finite-element simulation (including dynamic responses, model updating, etc.) without being limited to specific cases.
Concerning stratified materials, many applications are made under the assumption of plane stresses and strains (for instance with laminated beams or shells), for which theory predicts static and dynamic behaviours with good accuracy (e.g. [4] ). In addition, there also exist exact theories and solutions describing the vibration of stratified beams and plates, such as the works [5] and [6] , as well as ready-to-use 2D laminated finite elements present in several software programmes (see e.g. [7] ). A finite-element-based homogenisation technique taking into account viscoelastic properties in 2D-laminates has been proposed by Koishi et al. [8] . However, some other analyses can not be simplified by such assumptions -take the case of no dimension being negligible in the model -and have to be meshed in 3D.
A short review of some existing "3D-homogenisation" methods is made, as well as the fields of their applications. Such techniques are particularly relevant when e.g. parts of 3D finite-element models are multi-layered and need to be homogenised. First of all, the relations that may be the simplest for determining a homogeneous material equivalent to a heterogeneous structure, and that are used in many studies (including reference works in the field of composite materials, such as [4] and [6] ), are weighted averages of the different components' elastic constants, sometimes referred to as the "rule of mixtures". As shown in [6] , the expressions are built from the decompositions of the structure's global stresses and strains according to each of the components.
Let us consider a laminated structure composed of N isotropic layers, stacked along the z-axis. For each layer n, the material's corresponding density ρ n , Young's modulus E n and Poisson's ratio ν n are initially known, as well as its volume fraction:
where V n and V stack respectively stand for the layer's and the entire structure's volumes. Then, equivalent densityρ, Young's moduliẼ i , shear moduliG i j and Poisson's ratiosν i j may thus be computed with the following relations:ρ
andG
These expressions already give a good approximation of the structure's global behaviour, at the cost of relatively simple calculations to perform. However, they might not be adapted to cases more complex than stacks of isotropic layers. Begis et al. [9] have developed an analytical method (summed up and reapplied in [10] ) for the determination of any structure's equivalent elasticity matrixC from its components' elasticity matrices, that may even describe a triclinic behaviour, the most general material definition without any symmetries or simplifications.
For a given point on a structure, the elasticity matrix C is defined by Hooke's law σ = Cε, where σ is the stress tensor and ε the strain tensor [11] . The entire linear system is:
in which the indices 1, 2 and 3 correspond to the respective directions x, y and z in a rectangular coordinate system, or r, θ and z in a cylindrical coordinate system. In its most general definition, matrix C stands is a fourth-order tensor [11] , such as:
Begis et al. [10] propose a general definition of a Y -periodic structure's equivalent elasticity matrix from an asymptotic homogenisation approach. Considering the unit cell periodically repeated in the entire structure and represented in the set of directions y = {y 1 , y 2 , y 3 }, Y -periodic vectors W pq (y) need to be calculated, as solutions of
in Y . Then, the homogenised coefficientsC i jkh are computed by:
where vol Y is the actual volume of unit (base) cell. This approach was compared in [10] to the works [12] and [13] which addressed the same issues, and has been declared more accurate by the authors. Also, other studies were based on the same general expressions (see Eq. (11) and Eq. (12)) and have proposed similar analytical approaches -amongst others, the articles of Lukkassen et al. [14] , Kalamkarov et al. [15] , Hassan et al. [16] and Cheng et al. [17] . In spite of the appropriateness to describe periodic structures with equivalent elasticity matrices in the general case, this method may be complicated to apply due to the need of resolving condition (11) in the first place. This difficulty is outlined in [18] , where the resolution techniques of the general expressions (11) and (12) are denoted to be "nebulous" by the authors. However, this general homogenisation technique has been applied to laminated structures in [9] , and led to "clear" expressions given for the same case as before: a structure of N isotropic layers stacked along the z-axis. The algorithm is referred to as "INRIA" ("Institut National de Recherche en Informatique et en Automatique", i.e. french Institute for Research in Computer Science and Automation) in the entire article, and is detailed as following. Each layer's elasticity matrix C n is defined with Lamé's coefficients λ n and µ n so that
With the aid of the coefficients I 0 , I 1 , I 2 and J 0 such that
and
the constantsC 11 are computed with the global relations [9] :
The expressions, initially defined with an integration over the entire structure's thickness, have been here expressed under a discrete form. The laminated stack's equivalent elasticity matrix is therefore com-
and by the way verifies the property of transverse isotropỹ
Identical expressions have been proposed in [19] . As for Cecchi and Sab [20] , they have proposed a numerical homogenisation method for orthotropic structures based on a Reissner-Mindlin model, and applied it to brick walls. Although efficient, the algorithm nonetheless requires computing correction factors amidst the numerous computation stages and therefore seems tricky to implement.
There exist other numerical models. The works of Watt et al. [21] , Kamiński and Kleiber [22] , and Magalhães Dourado [23] have aimed at identifying composite structures' elastic coefficients by the means of statistical methods, that seem complicated to use in simple, deterministic studies. As for Araújo et al. [24] , they have proposed a numerical model for the identification of elastic properties of laminates, applied it to the dynamic behaviour of a stratified plate and compared the results with experimental measurements. Yet, this approach does not identify all 6 lines of Hooke's law elasticity matrix, and is therefore too restrictive to be applied to generic 3D structures.
Apart from homogenisation techniques, the recent development of several types of industrial materials and devices have motivated research in the comprehension and prediction of laminated structures' dynamic behaviours. A type of device currently under the spotlight is alternating electric machines, the stators of which are built from a multi-layered laminated structure, called the magnetic core. Amongst the studies made in this field, the works of Wang [25] , Verma [26] , Williams [27] or Le Besnerais [28] bring sensible notions of stator and magnetic core dynamics to the table, yet without exhibiting elastic properties or modelling techniques. As for modelling guidelines, the necessity of taking other heterogeneities such as weld beads into account in a homogenisation process of the magnetic core has, to the authors' knowledge, not yet been addressed in the literature.
As for the use of composite materials in commercial software, the implementation of 3D laminated structures is not documented or is restricted to specific non-linear or static studies. Only few works tackling homogenisation issues show the comparison of their results to those obtained with commercial software in such cases. Based on Barker's results [29] -stating that 3D-homogenisation of composite structures necessarily induces detrimental errors -Kuhlmann and Rolfes have developed their own 3D-laminated finite element [30] , seemingly as accurate as MSC.MARC™'s. However, to the authors' knowledge this finite element has not yet been implemented into any software packages available on the market.
Finally, concerning experimental analyses, several approaches exist to measure the elastic behaviour of a structure. Hearmon [31] and Hayes [32] have detailed a few ways to identify a structure's entire elasticity matrix from measurements. But as this method requires several types of analysis and several types of samples, it seems very difficult to inspire an analogous application to finite-element models. This same difficulty also compromises the use of other methods, such as those developed in the articles of Pierron et al. [33] and Rikards et al. [34, 35, 36] .
In this section, several types of approaches have been discussed for the application to laminated structures. Some of them are numerical or analytical/asymptotic homogenisation techniques, or deal with experimental applications, while others are based on finite-element models. The novel method proposed in this article belongs to this last category: it is based on finite elements. The emphasis is made on representative elasticity matrices, which constitute stress-strain laws for the considered materials and determine stiffness matrices for both static and dynamic analyses. The following sections will detail its applications to simulate the dynamic behaviours of multi-layered orthotropic laminates as well as the magnetic core of an electric motor stator. The last section will also investigate efficient modelling techniques for FE models of electric motor stators and compare the modal simulations to experimental data from an industrial structure.
Development of the "Orthotropic" method
In this section, a new approach aiming at determining the elastic properties of a heterogeneous structure is proposed. The equivalent material thus defined is assumed to be orthotropic (as explained in Section 1) and is characterised by nine elastic coefficients: E x , E y , E z , G zy , G zx , G xy , ν yz , ν xz and ν xy . By the means of a limited number of static simulations and by simple processing of the corresponding displacements in the structure, all nine elastic coefficients can be computed. The definition of shear in the case of laminates can be ambiguous due to the orientation of the structure, and is therefore addressed in this article.
The study taken as an example in this section is a stack along the z-axis of three isotropic thick layers, for which the theory predicts a global transversely isotropic behaviour [11] . The structure is a cuboid <1, 2, 3, 4, 5, 6, 7, 8> composed of three 8-node solid elements, as shown in Fig. 1 . The nodes 101, 102, 103, 104, 105, 106, 107 and 108 represent the respective interfaces with their two neighbouring elements. Also, the coordinate system for the whole structure is global (i.e. rectangular unitary system) and its origin taken as node 1. The cuboid's dimensions are L x , L y and L z and its faces' respective areas A x (faces x = 0 and x = 1), A y (faces y = 0 and y = 1) and A z (faces z = 0 and z = 1). The descriptions of external faces is made with '= 0' or '= 1' notations (referring to the limits of the structure's volume), despite L x , L y and L z . The first simulation is a pure tension along the x-axis shown on Fig. 2 : a static displacement δ x is enforced along −x to the nodes 1, 4, 5, 8, 101, 104, 105 and 108 (face x = 0), while the same displacement δ x is enforced along +x to the nodes 2, 3, 6, 7, 102, 103, 106 and 107 (face x = 1). In order to stabilise the system, plane contact constraints are applied to the faces y = 0 and z = 0.
By computing the nodal displacements ∆l x,i , ∆l y,i and ∆l z,i as well as the reaction forces F x,i , F y,i and F z,i at every node i, the stress σ xx can be found using the relation where U x1 is the set of nodes located on face x = 1. Therefore, the Young's modulusẼ x in the x-direction may be found with [37] 
where the ratio L x/δ x is related to the normal strain ε xx by
The Poisson's ratiosν xy andν xz can then be computed with the mean displacements ∆l y (Uy1) and
where B y1 and B z1 respectively refer to the numbers of nodes on the faces y = 1 and z = 1 (e.g. for a stack with three layers, B x1 = B y1 = 8 and B z1 = 4). This finally yields:
Two similar simulations along y and z yield the global structure's remaining Young's moduli and Poisson's ratio:
Finally, the reciprocal Poisson's ratiosν yx ,ν zx andν zy must verify the symmetry of the global elasticity matrix [11] , such thatν
The shear moduliG zy ,G zx andG xy may be found with shear simulations. However, some attention must be paid to defining shear in the case of non-isotropic materials and particularly for laminated composites. Although an orthotropic structure's shear moduli are often estimated without explicit consideration of either sliding or transverse shear configurations ( [10, 4, 11] ), it may be observed in practice that the two behaviours are not equivalent in general. This is why, in this document, the analysis separates sliding shear (illustrated on Fig. 3 ) from transverse shear (illustrated on Fig. 4 ) in the respective "Ortho1" and "Ortho2" scenarios. It may be noted that the identification of Young's moduli and Poisson's ratios remains identical in both scenarios.
The next paragraphs detail the determination of shear moduli by sliding shear schemes, which therefore correspond to the "Ortho1" scenario (see Fig. 3 ). The simulation combines an enforced displacement δ y applied along −y at nodes 1, 2, 3, 4 (face z = 0), the same displacement δ y along +y at nodes 5, 6, 7, 8 (face z = 1) and plane contact constraints on the same faces z = 0 and z = 1 in order to generate pure shear. To stabilise the system, the T x degree of freedom at node 1 is fixed.
The stress σ zy is defined by the relation
where U z1 is the set of the nodes located on the face z = 1. Finally, this yields the shear modulusG zy [37] :
where the ratio L z/δ y is related to the shear strain ε zy by 
The two other shear moduli are then computed in a similar way and are defined by the following expressions:
Comparison with other existing methods
The results of the "orthotropic" method presented in Section 2 have been compared to those obtained from some other methods that could be applied to such structures: three isotropic layers stacked along the z-axis, whose properties are gathered into Table 2 . The structure's base cell is a 1-centimetre-long cube for which the layers are organised as following (for increasing z): titanium (l 1 = 0.4 cm), polypropylene (l 2 = 0.2 cm) and steel (l 3 = 0.4 cm), where l i represents the layer's thickness. The other methods being compared are the homogenisation algorithm developed in [9] and the socalled "weighted averages", that is to say the two approaches detailed in Section 1. A larger structure was built from this base cell, standing for a reference for comparisons. The global structure is shaped as a cuboid, has 5,024 elements, 30,144 DOFs; its dimensions along x, y and z are respectively 210 mm, 110 mm and 60 mm, so that the unit cell is reproduced periodically in every direction.
Also, a node-to-ground 3-D stiffness element is linked to each of the global cuboid's 8 outer nodes, with stiffness values of K ntg = 10 7 N · m −1 on every direction (x, y and z). The global laminated structure taken as a reference is illustrated on Fig. 5. node-to-ground stiffness elements The homogeneous finite-element models based on each of the equivalent materials have the same dimensions and the same total mass as the reference structure and are made of 1-centimetre-long cubic 8-node solid elements.
The elastic coefficients of the equivalent materials respectively computed with each of the three methods are compared in Table 3 . "Ortho1" and "Ortho2" refer to the scenarios developed in Section 2, "INRIA" to the homogenisation algorithm detailed in [9] , and "WA" to the weighted averages. Also, the elasticity matrixC O1 equivalent to the material computed with method "Ortho1" corresponds to:
For each case, the mass matrix of the homogeneous equivalent structure is computed from the relation (2) (weighted averages). Apart from the reference structure, every mass matrix is therefore identical. Finally, the row "CC" compares the computation costs (in seconds) for each of the methods used. The finiteelement solver NASTRAN™ v. 2013 is used for scenarios "Ortho1" and "Ortho2" (with a dual-core 2.5 GHz processor and 16 GB of RAM), whereas results for "INRIA" and "WA" are computed with Scilab v. 5.4.1. It can be seen that the computation costs are all below 10 seconds, although they do not account for the time necessary to prepare the solutions. Independently from this preparation time, the presented method can be automatised and be adapted to any types of structures, at the cost of quick changes to perform (e.g. element thicknesses).
Modal correlation between the two structures
A convenient and accurate way to evaluate the extent to which a given structure is able to recreate the dynamic behaviour of a reference is to compare vibration modes. These modes constitute a so-called modal basis and describe how and at which frequencies the structure generates a resonance in response of applied loads. Being able to compute the modal basis with accuracy is thus necessary to ensure a good representativity of the finite-element model for dynamic simulations.
The comparison of two modal bases (usually truncated to the first, low-frequency modes) can be made according to several criteria [38] and is part of model updating processes. One convenient way to estimate such modal correlation is to compare each vibration mode of the first model to each of the second. Therefore, two matrices are computed: ∆f and MAC, of size M 1 × M 2 , and where M 1 and M 2 respectively stand for the numbers of vibration modes considered for the first and the second structures. Each component ∆ f (m e,i , m a, j ) of the matrix ∆f expresses the relative difference between the natural frequency of the first structure's i-th vibration mode m 1,i and the second structure's j-th mode m 2, j , and is defined by the relation:
where f 1,i et f 2, j are the natural frequencies respectively corresponding to the modes m 1,i and m 2, j . The second matrix, MAC, expresses the similarities between the deformed shapes of the modes m 1,i and m 2, j (respectively called φ 1,i and φ 2, j ), according to the so-called MAC criterion (Modal Assurance Criterion).
Its components MAC (m 1,i , m 2, j ) are defined by the expression [39] :
With these notions, two models perfectly correlated are defined by a matrix ∆f in which every diagonal component is at 0%, and a matrix MAC in which every diagonal term is at 100%, and the others at 0%. Finally, the pairs of vibration modes for which MAC values are highest are assembled, and are taken into account for the correlation if the MAC values are above a fixed threshold.
Results
The correlation between each of the three homogeneous structures (to which the materials computed by each method have been applied) and the reference model have been compared. To do this, the first 50 vibration modes have been computed for each case, amongst which the first 6 modes (between 413 Hz and 853 Hz) describing the "suspension" related to the node-to-ground elements have been discarded. For the reference structure, the 7 th mode (and thus the first to be correlated) is at 3,073 Hz, while amongst all homogeneous structures, the 7 th mode of lowest frequency is at 2,947 Hz. The paired modes for which MAC values were below 70% were discarded too. An example of paired deformed shapes between the reference structure and the homogeneous model (computed with scenario "Ortho1") is given on Fig. 6 .
Structure (a) shows the deformation of the individual layers while structure (b) shows "flatter" boundaries due to bigger elements made of identical material properties. The two structures are paired in (c) even though the elements are of different sizes and numbers in (a) and (b).
Then, the results of the correlation are plotted on Fig. 7 and summed up in Table 4 for the first 44 modes of the reference structure. For N pm mode pairs in a given correlation, the entities |∆ f | and MAC are defined by the expressions: 
and It can be clearly seen that the method "Ortho1" proposed in Section 2 is more accurate than the weighted averages, and of equivalent quality to "INRIA" in such a setting, whereas using "Ortho2" leads to more significant errors. Although for this stacking setting, the values of |∆ f | are all relatively high, still 39 modes of the 44 are identified by the method "Ortho1".
Finally, "Ortho1" presents a new opportunity, that none of the approaches analysed in Section 1 did. Indeed, this type of static simulation is not restrained to applications on finite-element models including distinctive elements and materials, but may also be used with structures on which no information about constitutive materials is available. For example, a superelement whose master-nodes describe the geo- Figure 7: Comparison of frequency differences with reference model (MAC > 70%) -captions "INRIA", "WA", "Ortho1" and "Ortho2" respectively refer to the corresponding identification methods metry of a cuboid could be analysed with the same method, leading to the construction of an equivalent homogeneous material that would recreate the superelement's stiffness behaviour.
Influence of stacking settings in a beam
This second application aims at analysing the influence of the number of layers in a cantilever beam. For this, four FE models of laminated cantilever beams are created from the same base cell: three layers of isotropic materials, either stacked along the beam's length (models 1 and 2) or in a transverse direction (models 3 and 4). Beam 1 is composed of more layers than beam 2, but of similar thicknesses: beam 2 is shorter. To the contrary, the global dimensions of beams 3 and 4 are identical, while beam 4 is made of more layers: each of them is therefore thinner. Finally, each beam is spanned along z, and its dimensions along x and y are respectively 50 and 30 mm. The four configurations are shown on Fig. 8 , and detailed in Table 5 .
The properties of the base cell are gathered in Table 6 , in which E stands for the material's Young's modulus, ν for its Poisson's ratio and χ for the layer's volume fraction (see Eq. (1)).
Applying the method "Ortho1" to this base cell yields equivalent material properties to models 1 and 2 (layers stacked along z):Ẽ As the stacking sequences are identical in all cases, the equivalent material properties for models 3 and 4 (layers stacked along y) are defined by the same elastic constants, where indices y and z are switched.
Each of the four beams is associated with a homogeneous one of identical dimensions, but made of only one, equivalent material. A base of the first 72 vibration modes above 0 Hz is then computed for these 8 finite-element models. The modal bases of the initial models are compared to those of the corresponding equivalent structures using the same criteria as described in Subsection 3.1, with a MAC threshold at 0% for pairing the modes (so that all the modes are paired and taken into account). The results are gathered in Table 7 . Table 7 shows that the correlation is globally much better than for Section 3 (in which the objective was to compare the method with other existing ones). Also, the values of |∆ f | are significantly lower for the beams with many layers (models 1 and 4) than for the others, showing that in these cases, the equivalent materials are able to recreate the initial structure's behaviour with good precision. Observing good overall correlation for models 1 and 4 and poor coefficients for models 2 and 3 is in agreement to the remark of Lukkassen et al. [14] , stating that their homogenisation expression is closer to the initial, heterogeneous behaviour when the dimensions of the unit cell are small in comparison to the entire structure's. Eventually, the homogeneous material able to recreate the initial structure's modal behaviour with the best accuracy corresponds to the case of stratification in a direction transverse to the beam's length.
Electric machine stators: experimental-numerical application
Modelling the stator of an electric machine, which is generally a laminated steel stack, is a very interesting application for the studies of heterogeneous structures. Understanding the dynamic behaviour of an electric machine stator is a key issue in the prediction of the electric machine's noise and vibration simulation and prediction [2] . As outlined in Section 1, a stator is built from a multi-laminated magnetic core, on which windings are placed. This section will detail the simulation of a magnetic core's modal behaviour with the aid of the above-presented material property identification method, and will propose several modelling guidelines for this type of structures.
Experimental data
The structure studied in this section is the magnetic core of a 12-tooth switched-reluctance machine (without windings or resin). It consists in 400 steel sheets of thickness 360 µm, separated from each other by 3-µm-thick varnish (epoxy) layers. Its dimensions are 154 mm (length) and 245 mm (outer diameter). By the means of a shock-hammer analysis, frequency response functions are measured for each of the experimental mesh's 108 degrees of freedom (36 points of 3 DOFs). From these response functions, 5 purely radial vibration modes could be extracted (amongst others). These modes, sometimes referred to as "ovalisation" modes are particularly critical for the acoustic behaviour of the entire electric machine [3] ; predicting them with good accuracy is therefore of particular interest. Pictures of the experimental setting and mesh are shown on Figure 9 and Figure 10 , respectively. This experimental modal basis stands for a reference in this section. 
Finite-element model
Although it may differ from one type of machine to another, the production process for this magnetic core consisted in coating steel layers with insulating varnish (in order to prevent eddy currents from taking place in the structure and therefore dissipating energy) and then simply piling them one onto the others. The stack was then placed under a press, and weld beads were applied on the lateral face while the pressure was maintained. Two examples of finite-element models representing this structure are shown on Figure 11 .
The "initial" model details the structure as it really is: a stack of 400 isotropic steel layers separated from each other by isotropic epoxy layers, and is made of 493,164 elements and 618,426 nodes. The details of the layers is given in Table 8 . Even with powerful computational resources, performing simulations on such a structure is time-consuming and therefore cost-prohibitive. This is why another finite-element model is generated, from the same mesh in the top face, but whose elements are extruded with the same dimensions throughout the structure's length (axis z). The new FE model is called "homogeneous" as it is made of only one homogeneous material (to be determined in the following paragraphs) throughout axis z instead of the details of the layers. Its 19,158 elements and 24,768 nodes make it more appropriate than "initial" for computing modal bases. Also, due to the revolution symmetry of the structure, the finite-element models as well as the material properties are expressed in a cylindrical coordinate system of directions r, θ and z, where z is the stacking direction of the layers.
Modelling guidelines
The weld beads applied on the stack's lateral face are necessary to hold the entire structure in one piece, by imposing a mechanical bond onto the whole length. In the rest of the structure, the sheets are bound together only by the varnish. The pressure applied to the stack is maintained after manufacturing near the weld beads and decreases with the distance in the rest of the structure. Although they are only a few micrometres thick and mechanical properties may vary from one varnish type to another, the local behaviour of the varnish layers and thus the interaction between the steel sheets are very likely to be dependent on the residual pressure in the stack, and therefore on the proximity to the weld beads (where the pressure is maintained) or to the free edges. This explains the necessity of dividing the entire FE model into several zones.
The analysis proposed for dividing the model efficiently is the computation of static stiffness at each of the "initial" model's top-face nodes, in order to estimate the tightness of the structure in relation to the position on the face and the distance to the weld beads. The entire model is clamped (DOFs Tr, T θ and T z fixed as no rotations are considered on 3D elements) at the nodes on the weld beads. Displacements ∆l z (along z) are computed in response of a 1-N static force applied along z at each node (except on the weld beads). The static stiffness values K z are then found by:
The results are plotted on Figure 12 . Judging from the results shown on Figure 12 , four zones have been drawn according to the stiffness values:
1. zone "prox" (elements near the weld beads, with 1.5 × 10 8 < K z < 4.6 × 10 8 N · m −1 ); 20 2. zone "yoke" (with 1.3 × 10 8 < K z < 3.7 × 10 8 N · m −1 ); 3. zone "teeth-W" (elements on the teeth next to the weld beads, with 7.0×10 7 < K z < 3.8×10 8 N · m −1 ); 4. zone "teeth-Y" (elements on the teeth next to the yoke, with 6.7 × 10 7 < K z < 3.6 × 10 8 N · m −1 ). Therefore, the "homogeneous" model should be divided into corresponding zones. It seems also relevant to associate zones 3 and 4 into one same "teeth" material definition. Finally, the finite-element model of the magnetic core which will be used for the dynamic simulations is shown on Figure 13 , where each zone corresponds to specific material properties. It seems important to note that the entire model is composed of 3D, solid elements, which need not necessarily be cuboidal. Although the identification method is applied to base cells made of 8-node cuboid elements (particularly convenient for modelling and homogenising stacked structures), meshing the equivalent structure remains under the control of the user: the equivalent material may be applied to any type of mesh, as long as the global geometry is kept unchanged. Therefore, the stator could have been meshed with any type of solid element (e.g. four-, five-or six-sided), even mixed, as this choice has negligible influence over the global structure's vibrational behaviour. In this case, creating the mesh with a base of six-sided elements is a good compromise between representativity and total number of DOFs.
Equivalent material properties
The first zone under the spotlight is "prox", gathering the elements which are closest to the weld beads. In this zone, the proximity to the weld beads ensures the stator's tightest cohesion between the steel sheets, and implies therefore the best regularity in the successive varnish layers' thicknesses. This means that the cell <half-thick steel sheet; varnish sheet; half-thick steel sheet> is repeated regularly through the stator's length (dimension along z), with the same thicknesses everywhere. The corresponding finite-element model which will be used for material identification is therefore a 3-layered cuboid with a square base of length 400 µm, as illustrated on Figure 14 . Its layers' Young's moduli E, Poisson's ratios ν and thicknesses l are gathered in Table 9 . In the whole FE model, the same densityρ is applied to all the zones and directly taken from the measurements on the stator: where m tot and V tot respectively refer to the stator's total mass and volume.
Applying method "Ortho1" to the base cell of zone "prox" yields an equivalent material, whose elastic constants are:Ẽ Concerning the other zones, to the authors' knowledge there does not exist any analytical or numerical method able to describe with precision the variation of the elastic properties with the distance to the weld 22 beads. This is why a good experience in model updating of electric machine stators is necessary to describe the behaviours of the different zones. In this case, the factors 3 /4 and 1 /2 have been applied to the shear moduli of the respective zones "yoke" and "teeth", according to their distance to the weld beads. The other coefficients remain unchanged. Eventually, the material properties are detailed in Table 10 . 
Comparison with experimental data
Computing the FE model's modal basis and comparing it to the experimental data with the criteria described in Subsection 3.1 leads to the correlation state presented in Figure 15 and Table 11 , where the columns "FEA" and "EMA" respectively refer to the mode frequencies in the FE model and in the experimental modal basis. The |∆ f | and MAC averages have been computed in the bottom line (cf. definitions in Subsection 3.2) of Table 11 . Only mode pairs for which MAC values were over 60% were taken into account.
Judging from these results, it can be observed that the behaviour of the finite-element model computed with the method "Ortho1" is in good agreement with the measured natural frequencies, and that the model's deformed shapes correspond to the experimental ones fairly well.
The results of Table 11 are compared with the case "NZ" (no zoning: the same "prox" material properties applied to the whole structure), as shown in Table 12 .
As in the previous sections, it can be seen that method "Ortho1" generates equivalent material properties that simulate the dynamic behaviour of the entire structure accurately. The necessity of zoning the model and adapting the shear coefficients according to the elements' distances to the weld beads can be clearly seen as well, as the average frequency discrepancy is increased by 68.5%. The modelling guidelines that have been proposed should be therefore followed for other geometries of magnetic core structures.
In this application especially, the initial correlations of simulated and experimental modal bases on two different electric machine stators were particularly promising for the prediction of such structures' modal behaviours. Judging from the time needed for the thorough experimental-based updating of an electric 
Conclusion
In this document, a new method for identifying equivalent material properties to laminated orthotropic structures was developed. As a necessity in order to reduce the number of degrees of freedom in the finiteelement models of heterogeneous structures such as electric motor stators, the identification method enabled modelling them with equivalent representative homogeneous material properties. This new method has been applied to various domains involving multi-layered material simulations. It has been shown that analysing laminated structures requires a "sliding shear" approach rather than a "transverse shear" one. The corresponding "Ortho1" approach is globally more accurate than existing reference homogenisation methods for such structures, yields good simulation results when used in an experimental-numerical application, and unlike the others, can also be applied to superelements. This finite-element-based identification method also allows quick parametric sensitivity computations on heterogeneous structures.
An analysis of stacking settings in laminated cantilever beams has shown that the equivalent orthotropic material created with this new technique was able to recreate the initial vibrational behaviour with good precision for multi-layered structures. Eventually, the vibrational behaviour of the magnetic core of an electric motor stator has been simulated by the means of a finite-element model with equivalent homogeneous material properties. The simulated ovalisation modes have been compared to experimental data measured on a real stator, and showed good agreement. In addition to that, the zoning guidelines proposed for finite-element models of magnetic cores have been proven efficient. It is hoped that this identifica- Table 12 : Influence of zoning tion method will eventually help improve further the current knowledge about the behaviour of laminated structures and in particular of electric machine stators. Also, substituting time-consuming model updating procedures by a simple, direct method could even replace the manufacture of costly prototypes and associated measurements. Some other modelling aspects which are still based on practical experience will be discussed in future work.
For more complicated situations however, notably in case of non-negligible preloading, or when couplings exist between tension-compression and shear in the global structure, orthotropic equivalent materials might not be accurate enough to simulate the expected behaviour of a given structure. Future work will present another method for the identification of equivalent material properties for anisotropic or triclinic structures and superelements, accounting for the influence of external perturbations such as friction and preload.
AppendixA. First 9 paired modes
The deformed shapes of the first 9 modes paired in Subsection 3.2 are shown on Fig. A.1 . For each mode pair, the reference structure is drawn in red dots, and the homogeneous model in blue solid elements. 
